Measures of the effectiveness of body a:t'IIK)r have been obtained in the past asS1.llldng the angle of obli\luit:y is zero, i.e., that the :projectiles strike the a.:r:mor normal to its surface. Since penetrability is a function of the ~e of obliquity, it is important to determine the set of rmgl.es likely to be encountered and to "U.Ge this set Wen assessing body armor. An estimate of the distribution of the angles of obliquity was obtained for fragments striking the upper torso. It turned out in this situa.t1on that the proportion of angles of obliquity less than X degrees is a:pproximatel:y 2X$ for 0 <X< 4o, (X + 4o)"' for 4o < X < 6o and 1~ for X > 60. The proceiiure used to obtain this estimate is iiirectl:y applicable to making similar estimates for other parts of the body.
IN'JllODUCTION
The angle of obliquity at which a projectile strikes a target is know to affect penetrability. In evaluating bod;y' armor for field use it is consequently important to know the angles of obliquity likely to be encountered !.n the field • In the past it has been assumed that most f:t>agrnents :f'.l"OttL a shell ex:ploding at a distant point would tend to strike the target at a:ngles close to the normal. However, this assu:m;ption has never been substantiated.
The particular target of concern here is a h\JJnan figure wearing a combat uniform and a protective body armor vest. The question might be stated sinl;pl.y' a.s follows: If the target were repeatedly exposed to projectiles from the explosion of a fragmenting shell, and we could measure the angles of obliquity of the projectiles striking the target, whet is a likely distribution of the magnitudes of these angles? Since it is impractical to measure such angles in laboratory" or field firing tests, a mathematical. technique that would estimate the distribution was de- sired. 'l!bis re:port summarizes the work done on this question by the Operational Mathematics Office or the Quartermaster Corps.
In attacking this problem, it is necessar,y to limit the discussion to a particular resion of the target. In this report this region is the upper chest, more specifically, a narrow band about the body slig!iJ(tly below armpit level. The same techniques could be applied to other regions of the body as well.
The angle of obliquity is the angle between the nol'lllal to the target surface and the tangent to the projectile trajectory, both taken at the point of impact. This is, of course, a three-dimensiona.l problem. Our analysis was made using a two-dimensional model. In this reduced case, the target is a plane figure: the shepe of the clothed human figure ., it would appear in a horizootal cross-section at the level of the body we are studying. lJ1te normal and the tangent are represented by their respective projections in the horizontal plane of the cross-section. The angle of obliquity we will deal with then is the projection in the horizontal plane of the true angle.
This reduction in dimension is a major simplification. However,. any error so introduced need not be major. When reasonable conditions, limiting the deviation of the true trajectory :from the horizontal. :pla.:ne, are specified, the discrepancy bet~en the true angle and its projection can be shown to be small. rr!he ma.gni tude and direction of this error under specific con ... ditions are discussed on pages 17 -20 • A general discussion of the 1 geometrical relationship between the true and the proJected angle is given in Appendix II· To apply the technique described here, it is necessary to specify the distance, in tbe horizontal plane, from the target to the projected point of the· e>;plosion. Distributions will be estimated for tw distances 1 4o and 100 f~et.
The remainder of' this report is divided into seven major sections. ~e first contains a description of the geometrical model used in the study, tbe second a description of the procedure used to obtain the distribution of the angles of obli~nity. The distribution arrived at is :presented in the third section and a discussion of the accuracy o:f some aspects of the procedure is given in the fourth onE!. nds discussion appears after the results because some of the results are used in the course of the discussion. A COIJq>al'ison of our results with those one vould obta.in using further s:lmplify:ing assumptions is given in the fifth section. The sixth and seventh .sections contain conclusiona and recommendations, respectively.
TilE GllC:METRICAL MODEL
In constructing a model, the first question to be asked is: What is the nature of the conditions that may be found in tbe field? We will prescribe three conditions. First, to make the problem manageable, ve will consider the target only in an upright, exposed position. Second, we will permit the target to turn in all. possible directions with respect to the detonation, i.e., facing it, with his back turned, etc-, and will assume that each of these is equally likely. Third, we will consider only those projectiles with trajectories that would have intersected the body if no armor or clothing were present.
The geometrical model used in our study will now be described. As indicated earl.ier this model lies entirely in the horizontal plane con ... taining the cross-section of the target under study. The basic elements of the model are the target, the projected tr&jectory, projected normaJ.., proJected angle of obliquity, and two angles that will be used to specifY the relation of the trajectory to the target. The eleJ!lents and their relationshipS are sho"wn in Figure l ; they will be discussed in more detail. in the succeeding paragraphs.
The first important element of the model is a pair of cross-sections, on.e within the other; the outer one is the cross ... section of the fully clothed man, the imler one tba.t of' the unclothed man.
A seeond element is the projection in the horizontal plSlle of the point of explosion and the :fragment traJectories originating from it. We will call this projected point of explosion the source. It is located at same distance d from the center of the cross-section.
Three assumptions about the projection of' the trajectories were made, namely:
1. that the trajectories will project as straight lines. This is equival.ent to ignoring wind or other forces which might cause a :fl'a.gm.ent to move J.a.teral.ly as vell as vertically. Note tha.t since movement is only in a vertical plane, the tangent to the trajectory at the point of impact will project into the same straight line a.s the trajectory, so that the projected angle of obliquity is the angle between the projected normal to the Surface and the projected trajectory itse1f. 3* the true trajectory continues in the same vertical plane af'ter penetrating the clothing, i.e., the proJected trajectory continues in a straight line. This assun:rption is known to be valid for small BJlgles of obliquity and tllough the available evidence for larger angles indicates the projectiles may turn, it is not to be expected tba.t in the long run tu:rns in one direction will exceed those in the other, so that our assumption is not unreasonable. Of course, aJ.though we only wish to consider those trajectories intersecting the inner figure, the BJlgle of obliquity "" seek is the Bilgle lllllde w.\ th the outer figure.
~ order to describe the last elements --the two angles specifYing the trajectory --we require Figure L So as to simplify this discussion~ the terms normaJ., trajectory, a.nd angle of obliqUity, 'Will be used to refer to their respective projections in the horizontal plane.
. ~e exact shape of' the cross-sectional figures and the method used to obtain them will be discussed in Section III. Fox the moment -we can think of a general cross-sectional figure, somewhat broader than it is deep. It is helpf\tl to th1nk of' a co-ordinate a.xis system superimposed on the figure so that the origin coincides with the "center" of the crosssection. A precise definition of the tem center will be given later.
We will ca.ll the l.ine joining the center of the figm-e to the source, the source line. SUppose, 'Whlle holding the figures, iilcl.uding the axes and the center, fixed we allow the Sou.t"Ce to move along the circumference of a. circl.e of radius d. In this manner the figure can assume a:ny desired orientation toward the SO\U'Ce --facing it, turned sidewise, etc. This orientation "JJJ1J.Y' be measured by the a.ugle, called alpha, between the source line and the x-a.::da. In our model we assume all val.ues of a: are equal.l.y lilrely.
The a.ngl.e between the source line and the trajectory we have ca.lled beta. Each value tor 13 determines a. specific trajectory. Of course, only those vo.lues of !3 within a naJ."l:''W range to either side of the source lille will determine trajectories which intersect the inner figure. Since we have assumed that the trajectories are radi~ distributed about the source in a uniform manner it follow that all values of ~ are equ&lly likely.
PROCEDURE
Summary. In genera.l, the procedure was to first determine the size and shape of' the cross ... section. of the armored man (the outer figure) and the nude lll!lll (the inner figure) . Then a representative set of trajectories are specified in ter.ms of a and ~ and the trajectories are drawn full sca1e on a sheet of graph paper near their intersection with the figures _ .. the inner and outer figure were previously dra.wn on the same graph paper. The tangent at the point of impact is drawn a:nd the angle of ob~iquity 1 m, measu.red directly using a protractor. This was done for a random. sample of 180 trajectories and the results were combined and smoothed to obtain an estimate of the distribution of the angles of obliquity. The procedure will nov be described in more detail and a rrumerical ~l.e 'W'Orked to illp.strate 1 ts use.
The Size and Shape o:f the Cross-Sections. 'lhe shape of the outer figure was detemined using a manikin dressed in a regulation col.d·"Wet uniform with a body a..nnor vest as the outer gannent. The layers of clothing --heavy, woolen underwear, woolen shirt, field jacket, and a:rmor vest --provided a padding of' one to two inches about the body, considerablzy" altering the shape from that of the \Ulclothed JIJ!lllikin. A life-size, representative cross-section of the c~othed manikin was reproduced on e. sheet of graph paper. This was done by taking measurements of the manikin with respect to several base lines, as described 'below.
The reader is referred to Figu.t"e 2. 1Jlle sheet of paper represents the horizontal plane of the cross-section. A vertical plane, bisecting the JIJ!lllikin into s;ymmetric right and left halves, would intersect tbe horizontal plene in a straight line, which we will call the y-ax:ts. If we now hold two rulers in the horizontal plane perpendicu.lar to the verticaJ. pla:ne, a:nd tangent to the outer S1.U"face of the clothed manikin, we establish two base.-lines. The distance between these two parallel rulers is the depth of the outer figure. In this case, the depth was 13 inches. We will call these lines the anterior and posterior base lines. A third parallel line, midway betveen these two is also drawn. This we will call the x-arls. The center is the intersection of the ;x .. and y-axes. The next step is to :make a series of measurements of the distances from the ruler to the body surface, symmetrically, at one-inch intervals to the right and left of the midpoint of the anterior base line. A few additional. measurements are made near the left and right hand edges because of the extreme cut"'V'a.ture there. Since it is reasonable to think of the human body as s;ymmetric from left to right, the two s;ymmetric measurem.ents are averaged. A SUf.lUI.l.al"y' of the actual and averaged measurements is given in Ta.bl.e 1. These average measurements are then plotted on the graph paper full scale w::t th the same relationship to the anterior base line as they bad to the l"'tlJ.er. The same procedure is followed w1 th
.:.::::r+: .. figure. This inner figure has a. depth of 9·75 11 and a breadth of 13.5". On the basis of these measurements, our manikin would appear to be slightly J.arger through the 1 chest than. the average male soldier as reveaJ.ed in statisti-cal studies. How .. ever, the difference is smal.l, and our measurements fall well within the range of measurements recorded in these studies.
The some"Wha.t rectangula.r shape of the cross-section ma;y be a su.:r:prise to some readers. This shape is -corroborated by .Ana.tOJttY' texts illustrating actual cross-sections of the human body.2
The inner figure was pOsitioned so that the space between the two figures (representing the thickness of the cl.othing ls;yer) w.s approx:!.mately the srune a.t the four "corners". This thinnest clothing ~r can be seen from the drawing to be about l". At the back, the space is about 1.5", and at the sides and the front about 2". Specif)ing the Tra.1ectories --a: and ~. Having established the shape of'" the target we now "Jl\UBt determine the trajectories. The angles a: a.ud f3 are used for this purpose. Referring again to Figure 1 , because of the left-right symmetry of the figure, we can confine our discussion to, sa;y, the right haJ.f' of the circle so that a "Will va:ry f':t'om. -90° to +90°. Recall. that all values of alpha within this range are equally llkely.
Fixing a only a amall proportion of the traJectories will intersect the inner figure. We wish to confine our discussion to only these trajectories. Because these trajectories lie within a narrow range to either side of the source line, ;tt is :most convenient to define the mea.sureme:nt of' the angle beta in positive and negative directions from the source line. Angles beta in a. clockwise di.rection rlll be: considered nega.tive --those in a ~ooten, E. A., ~Build in a Sample£! the UDited States~· A c~lete list of the ranges of ~' the associated random 3-digit numbers and the: values of' beta corresponding to each a is given in Appendix I.
Numerica.l Example. Before proceeding to describing the procedure used to combine our 180 results -we 'Will work a numerical example to illustrate the estimtion of the projected angle of obliquity given d, a, and the 3-digi t s-cale factor. Let d = 100 feet,. a = 30° and the factor = 968. From Figure 5 we see the mininnno t3 = .. 1.7 1 and the max:llnum is +19'. If we a~ the scale factor we obtain ~ = .968(36•) + (-17') . """ 17' 50'' to the nearest 10 11
•
We can now compute the intercepts of the specified trajectory, using the values: o: = 300, f3 = ~T 50", and d • 100 :feet = 1200 inches. The x.-intercept, a, is found b;y the fo:t'lllUla a = d sin ~/sin( a + ~) to be 1.2.35 inches, and they-intercept b = -a t<m(a + ~) = 7.22 inches. ~se intercepts are then plotted on the graph paper, and the trajectory drawn. through them. After drawing the tangent to the figure at the point of intersection of the trajectory, we find. that the resultant angle of obliquity is 38°.
Combining and Smootbing the Data.. We now have 180 angles of obliquity at each of two distances, 40 and 100 feet, and must combine them to obtain an estimate of their distribution. These 18o angles
should not be given equal weight in determ1n1ng the distribution; they shoul.d be weighted by their corresponding range of f3. The reason for this is that the greater tbe range of' ~ the greater the number of trajectories intersecting the inner figure. The weights used were the actual range of 13 in minutes. At 40 feet, these weights run front 70 to 100, and at 100 feet from 28 to l«J. Becmtee of the small variation in these \reights_, the effect of weighting an the distributiOD was smell.
We next estimate the E!OPOrtion of ~es of obliquity less than or equal to, say_,..!l-, for ..fl-""' 0° to 65° in 5° :t.ncl"ellle''.ts. This is done by first arranging the 180 val'!l's for "' in increasing order w1 th their cor:res:ponding weigb:ts ~. Ne~he lBO weights. ~ proportion of angles less tban A is the sum of weights corresponding to angles w < -11..
divided by the ow of all weights. The most questionable aspect of our procedure is probably the use of a. two-dimensional study for a three ... diJnensiomll problem. As previously noted, we are working with the projections of the a.ctu.al angles onto the horizontal pl.a.ne. However, we shall. show that the differences between the projected angle and the true angle of obliquity are in most cases amall so that our conclusion rega.l'ding the distribution of' these angles should not be seriously affected by our use of projections.
Reference is made at this point to Figure 6 . Angle w in the horizontal plaoo is the projected a;ngle of obliQ.uity. Angle ~ is the true angle of obliquity, angle r is the a;ngle between the actual. normal and its projection onto the horizontal plane, end angle f.l. is the angle between the actual trajectory and its projection. In general, if both the actual normal and trajectory are above the horizontal plane, these angles are related by the :f'o:r:'ll'lllla: cos ell = sin ~ sin r + cos j.l cos r cos (L)o This f'oi1!1.Ula is derived in Appendix II. If' they are on opposite sides of the horizontal. plane the fo:rmul.a. becomes: cos Ill ""' cos l.l cos ; cos w -sin l.l sin ;. Using these formulas we computed the true angles of obliquity f'or a. variety of combinations of the angles mJ l.l, and 1 • A summary of the results is contained 1n Figures 7 and 8 . .. In using our graphical method, hu:a1ail errors in drawi.Dg lines, measuring angles, and reproducing figures are bound to occur. For this reason, 19 n~easurements of the angles of obliquity were remade at each of the two distances. More s:pecif'ica.ll:y 1 after cam_plet:l.ng our l.8o measurements a.t each distance, we repeated the entire graphical procedure for 19 of them. The angles to be remeasu.:red were chosen in such a way that they were distributed evenly around the figure. In order to avoid being influenced by our earlier work, the remeasurements were remade several weeks after the original measurements. We found tha~ the average absolute difference in measurements was l-3/4°, with the largest difference being 4-3/4°. In same cases, both.meaa-\U"elllents were exactly the same. Table 3 contains a. S'l.lXl'llll.EU' of these differences.
CCMEARISON WITH RFEULTS USING SIMPLER ASSUMPTIONS
A simpler approach to deter.mining the distribution of the angles of obliquity bas been proposed. The approach is to assume the target is elliptics.l.l.:y shaped, with its major axis twice its minor one, and that the fragment trajectories are para.llel and unifol"J:ll.ly distributed, impinging only on the longer side of the elll:pse. Since we found that the cross-section of the clothed man is appre~iably larger than that of the unclothed man and that the ratio of the longer diameter of the target to its shorter one ia more nearly 4 to 3 than 2 to 1, we us:ed this information a.s well. Ori s· -2Jld
40'
12 . -30' 13° --- The only set of data not suffering from this defect, that for weighted results on a single target, puts so much less in the range 15 -45° and more in 6o -90° that 1 t given an even poorer approximation overall.
---
We wlll now describe the procedure used to obtain the 'atribution using the simplifying assumptions. In general we will use -;:;'2 + ~ = J. ~' if BE is tangent to the ellipse at B and CB is normal to BE, we have w = angle A:OC: is the angl.e of obliquity. But angle BCD = angle ABC a.nd therefore cot w ;:~; slope of BC. As is well known the slope of the normal is ·d:x/dy. Differentiating the formula for the ellipse :!:mplicitly with respect to y gives:
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